Linear Algebra
Lecture-12-13

Finding eigen value and eigen vector

By Noorullah ibrahimi



Learning Objectives
By the end of studying Eigen Decomposition, a learner should be able to:

1. Define Eigenvalues and Eigenvectors
o Understand what they represent and how they relate to linear transformations.
o Find eigenvalues and corresponding eigenvectors.

Learning outcomes
1. Define Eigenvalues and Eigenvectors

. Understand the meaning of eigenvalues and eigenvectors.
. Recognize how they relate to the equation Av=Av

Find eigenvalues and their eigenvectors



Vector Norms

Norm: measures the size or “length” of vectors/matrices

e Generalized form of a vector p-norm:

Ix1l, = (Zmlp)

1-norm/L 1 norm/Manhattan norm:

1X1]1 =;|xi| x|[1 = |xq| + [x9]

2-norm/L 2 norm/Euclidean norm:

= 2 lelly = Vi + 23



« L 2 norm is shortest distance from the origin.

-1
4 ‘, calculate the 1- norm and 2-norm.
2

Example: Given X =

e 1-norm:
T
X1, = E Ix;| =1+ 4+ 2 =[7]
i=1

e 2-nOorm:;:

X1z =

n
Z|xi|2 — J(—1)? + 42 + 22 = [4.58]
i=1




Vector 1- and 2-Norms
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The frobenius norm is the extension of L2 norm

Remember that given a vector x = B] then the L2 normiis [|x||, = V22 + 12 The Frobenius Norm

is the equivalent matrix version

ai1 A
A= ]
az1 dz

IAl[r = \/ai +af, + a5, + a3,

It means we square every element in the matrix and square root it sum

Example Given

1 2 0
A=(0 1 0
0 0 3

Then

IAllr = V12 + 22 + 12 + 32



The symbol for determinant of A is |4]|, the absolute value symbol

|CCL Z|=ad—bc

Qo

= aei —ath+ bdi — bgf + cdh — cge

= o T

C
f
i

oQ

Given a 2x2 and 3x3 matrix

a1 ai
A= [ ] =
az1 a4y

The determinant of 2x2 matrix
|A| = aqq * az; — aq+ay4

The determinant of a 3x3 matrix is

di17 Q12 A13
A=|Az1 Ay a23] =
dz1 dzz dzz
Al = ayq |a22 a23| _ay, |a21a23| s |a21 a22|
azz dss 31033 asz1 dsz



For matrices bigger than 3x3 we normally use computers to calculate their determinant
But we should at least know the equations for 2x2 and 3x3 matrices.
Knowing the determinant is useful because |A| = 0 implies

1. There is no unique solution.

2. The matrix is singular.

3. Inv(A) does not exist.

4. Column vectors are linearly dependent.

For smaller matrices it is easier to find the determinant than Gaussian elimination.

The general formula for finding the det of any square matrix is

det(A) = > (—1)""7a;; det(M;;)

Example: Find the determinant for each matrix

2 -3 1 1 3 2
A=12 0 -1 B=|-3 -1 -3
1 4 5 2 3 1




Solution

a1 A1 Qg3
Az, dz3 az1023 az1 Az
A=|01 Az 3| = |[Al=a | |—a | | a | |=>
Hlas, asz 12 laz a3z BBlaz; asz;
azq1 Qa3 dAzz

2 -3 1

det[i 2 —51]=2|2 51|—(—3)|i 51|+1|§?L
= 2[0 — (—=4)] + 3[10 = (=1)] + 1[8 — 0]
— 843348

1 3 2

det[—23 —31 —13]=1|31 13|—3|23 13|+2|23 31|
= 1[=1 - (=9)]  3[=3 = (=6)] + 2[=9 — (=2)]
—8-9—14 = —15



Practice find the determinant and measurement of the following matrices
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Previously we saw that matrix transformations vectors

e We have so far seen a lot of matrix transformation.

e (Ox = 0 like multiplying a number by 0

o [x = x like multiplying a number by 1

o 2Ix = 2x like multiplying a number by 2

e R.x = —x likerotatingbym, 1--1
All these transformation allow us to almost think of a x and matrix A just as number.
These transformation are from vectors perspective.

- It tell us how a matrix can change a vector
Now we are going to look from the matrix perspectives.

- Given a matrix what special number and vectors are there
Special vectors: Eigen vectors
Special number: Eigen value

Eigne values and eigne vectors are very special

So However, we have learned the concept of independence

If a set of bases is independent there is no redundancy

If a set of basis is dependent, there is redundancy

The existence of redundancy is what allow data compression

Eigenvalues and vectors allow to identify the minimum set of vectors that could span the
same rank



For example, you could start off with 100 basis vectors. Once you have identified the
eigenvectors and its associated eigenvalues, we might get
(v1, 41 = 0.5), (vy,4, = 0.3)(v3,453 = 0.2), (v4, 4, = 0.0001), (vs, 45 = 0.0),
(V6,46 = 0.0), (..., A190 = 0.0)
The eigen values associated with the eigenvectors tells you the size of the vector in
contributing to the span

Eigenvalues and vectors

Given a matrix A the eigenvectors of A are vectors that treat A as a number. Consider the matrix

2 1
1 2

Notice that if you multiply it by 2 vectors it is equivalent to a number multiplying the vector
R | R e B e I T Y

]and v, =

=

1

[ﬂ are special to A because they treat as a consntant multiplier of 1 and 3

These vectors v; = [

* these vectors are called eigne vectors

e The multiplier values are called the eigne values



* The definition of eigenvalues and vectors is therefore
Av = v

* QOur goal today is to learn how to find these vectors and value

How do we find the eigen values

If we follow the definition of the eigenvalues are eigenvectors we have

Av = Av
This implies that we have
Av—Alv =0
Since we have a 2x2 where matrix
@411 Q12
A= [a12 azz]

Then the expression becomes

(e anl=2lo Dl =0

la11 — A azq ] —0
azq Ay — A

(a1 —AD(azy; —A) —agpaz,



This expression is called the characteristic equation/ polynomial.

The eigenvalue is the solution of the characteristic polynomial.

Example

Consider the matrix we previously saw

12 1
A= [1 2
The characteristic equation is
|A—AI| =0

27% Lt ]l=e-ne-n-1

AP —42+3=1-3)1-1)=0
From this, we can see that the solution for the characteristic equation is 3 and 1 they eigen values

Once we have the eigen values we can substitute it back in the equation let’s first look at the case
wherethe A1 =1

A—AI=0



[211 2i1]”=0

1 171
[1 1 v=_0
This implies that the null space the solution for v, we know that
1 11—=7J1 1
[1 1]61 —e2 [0 O]
This implies that
1 171V _
[o o] [vz] =0
V1 =~V
Y11 V21 -1
V_[vz]_ vz]_[1]v2
The space spanned by [-1 1] is the null space and the eigenvector correspondingto A = 1.

Consider the matrix we previously saw

[2 1
1 2

The characteristic equation is

A= AlIl =0



|[2I)L ZiA“ =2-H2-1)-1

A2 —41+3=A-3)1-1)=0
From this, we can see that the solution for the characteristic equation is 3 and 1 they eigen values.

Once we have the eigen values we can substitute it back in the equation let’s first look at the case
where the A = 3

A—Al =0
FIB ziﬂvzo
[_11 _11]17:0

This implies that the null space the solution for v, we know that

[_11 _11] el + e2 [_01 (1)]

This implies that

o ollal=0



The space spanned by [1 1] is the null space and the eigenvector corresponding to A = 3.
Final Answers:

Eigenvalues:

Al =1, A2 =3

Corresponding Eigenvectors: [—11] ’ [ﬂ

Obtain different eigenvectors

Our eigenvalues and vectors for A = [i ;] are

A =1v, = [_11] and A, = 3,v, = [ﬂ

Ad a standard when we are asked for the eigenvalue we present them in a sorted fashion (normally
from the largest to the smallest )

So we have
A=(31)

v = [vy,v4] = H _11]



Notice that v2 is the first column Lastly notice that vl and v2 are not the solutions the solutions is
the span of the v1 and v2.

Example Given the matrix

_[4 1
2 3
a) Find the eigenvalues of matrix A.
b) Find the corresponding eigenvectors for each eigenvalue.

A

SOLUTION
Step 1: Find the Eigenvalues
Av = Av
IF a matrix is multiplied with identity matrix nothing will change
Iv=v
Av = Alv
(A—ADv =0

We solve the characteristic equation:



det(A— AI) = 0 g é]—ﬂ[(l) H ] [A 0] [4;/1 3i/1]

det(A—Al) =0 4-1DB-H-2)D)=A-A1HB-1) -2
So,
det(A—Al) =22 —-7A+12-2=22—-712+ 10
Set the determinant to zero:
A2 —-7A+10=0
Factor the quadratic:

A=5A-2)=0
Eigenvalues:

A1l =5, A2 =2
For A=5

Solve (A —5I) = 0 [4;5 1]=[—1 1]



[‘21 _12] [v] = 0

sove: [ L[] =[]
From the first equation: —v1 +v2 =0 = v2 = vl

So the eigenvectors correspondingto A = 5 is

vl [ﬂ vl not equal to 0

For A=2

Solve (A-21)=0 [4;2 1 |=]

L 2 1]

2 1

Solve: [; 1 [z;] = [8]
This reduces to:

2x+y=0=> y=—-2x

So the eigenvectors corresponding to A=2 vl [_12]



Final Answers:
Eigenvalues:

Al =5, A2 =2

Corresponding Eigenvectors: [ﬂ , [1]

Example
4 1 0
Let 0 2 O
0 0 3
a) Find the eigenvalues of matrix A.
b) Find the eigenvectors corresponding to each eigenvalue.
Solution:
Step 1: Find Eigenvalues

Solve the characteristic equation:

det(A — A1)=0



4- 2

A-Al=| 0

0

1
2—27
0

0
0
3—4

det (A—A) =4 —-DR2-DB-1)=0

Al =4
step 2: Find Eigenvectors
For \=4
Solve: (A—4Dx =0
4 — 4 1
A—-4l=| 0 2—4
0 0

From the system:

. X2=0
. X3=0
e Xipis free

So the eigenvalues are:

A2 =2

A3 =3



So one eigenvectoris: vq = [O
1
For A=2
4 —2 1
A-2I=| 0 2—2
0 0
Solve:

o 2X1+X=0=>X7=-2X1
. X3=0

So one eigenvector is:

0



For A=3

Solve:

. X2=0
e X1 isfree
e X3 isfree

So one eigenvector is:
0
vg = 0
1

Eigenvalues: A\=4,2,3

Final Answer:

Corresponding Eigenvectors:

0
ForA=4is v1 =10
1



1
ForA=2is vy, = |-2

0
ForA=3is v3 =10

Example
1 0 -1
Let A=l1 2 1
2 2 3

1) Find the Eigenvalues

2) Find the Eigenvectors for each eigenvalue



Solution
step 1: Find the Characteristic Polynomial

We solve:

det(A-Al)=0
1 0 -1 1 0 O
[1 2 1 ] —A[O 1 0‘
2 2 3 0 0 1
1—12 0 -1
[ 1 2—2 1 ]
2 2 3—2

1—-2 O —1
det(A-Al)=0 = det [ 1 2—2 1 ]
2 2 3 —

or



(1_}\)2—2\ 1 ‘_ ‘1

z—x‘
2 3—2A 2

1 1
3—}\‘+(_1)‘2 2
(1—[A-50+4] -0 —-1[2-22 - V)]

After few steps we get

— 2 +61° =111+ 6. (1)

This gives the characteristic polynomial: A3 — 612 +111—6
Step 2: Solve for Eigenvalues
Factoring: 1> — 612 +111—-6=1—-1)(1-2)(1—-3)=0
How we can factor a cubic equation
Put A = 1 in eqution 1
S01-6+11-6=0
A = 1 is root of equation (1)
so the remaining root of 1 are
A —5A+6=00or(A—3)(A—-2)=0

A, = 3,A;3 = 2, as lisalso the root of 1 equation then all root of 1 are



,}\22—

Eigenvalues:

A1=1 Az=2 A3=3

Step 3: Find Eigenvectors

We solve (A — Al)x for each eigenvalue:

For A=1:

1 0 —17

Solve: (A—1D=0= [1 2 1

2 2 3.

So now computing (A — 11)X=

1 ,}\2 = 3,}\3 == 2,

Scocooc NRrO



Reduced Row Echelon Form (RREF) gives:

1 1 117[*1] 0
el & e3 0O 0 -—-1||*2]1=10

2 2 2

1 1 17M* 0 x
—2e; +e3 > e; [0 0 -1 [le = [O] X
X3 0 X

0 0 0
Sox; +x,+x3 =0
And —x3; = 0 that meanx3 =0
And x; + x,+x3 = 0 putting the value of x3 = 0 in equation
Wegetx; +x,+0 =0 = x; = —x,

Takex, =1 = x; =-1

—1
The corresponding eigen vector is[ 1 ]
0

Find the eigen vectors corresponding to eigen values A;=2 A3=3



Example : find the Eigenvalues and Eigenvectors of a 3x3 Matrix

1 0 0
A=10 2 1]
0 0 2
Step 1: Characteristic Polynomial
1-41 0 0
det(A — Al) = det| 0 2—A 1
0 0 2—-1

This is upper triangular, so:

=1-2DQ2-1D? =21, =1, A, =2 (with multiplicity 2)

& Step 2: Eigenvectors

ForA = 1:

Solve:



>y+z=0>2z=—-y=x = free

Takey=1,z=-1,x=0

For A = 2:
-1 0 O 0
A=2I=]10 0 1|=2>x=0,z=0,y=free=>7v, =|1
0O 0 O 0

Also another vector from null space - linearly independent one is:
0
1_7)3 = 0
1

Final Answer:
e Eigenvalues: 1 =1, 2

e Eigenvectors:



0
oA=1:]11
[—1
0 0
o A=2:111, |0
L0 1
EXAMPLE

Eigenvalues of a 3 x 3 Matrix Find the eigenvalues of

Solution The characteristic polynomial of A is

Lo=1 0
dethl —A)=det| 0 & =1 |=A =8 2+170 -4
—4 17 )-8

The eigenvalues of A must therefore satisfy the cubic equation



AN -8\ +17A-4=0

Dividing A — 4 into A3 - 8\? + 17A - 4 = 0 show that we can be rewrittenas (A-4)(A>-4A+1)=0
Thus, the remaining solutions of A3 - 8A\? + 17\ - 4 satisfy the quadratic equation

AN -4N+1

which can be solved by the quadratic formula. Thus, the eigenvalues of A are

A=4 A=2+4++3 and L=2-43

Eigenvalues of an Upper Triangular Matrix Find the eigenvalues of the upper triangular matrix

£l o)z [ri k! 4

. 0 ayp dx» dy
A=

0 0 ayn ay

] 0 0

Solution

Recalling that the determinant of a triangular matrix is the product of the entries on the main
diagonal



(k- ay
0
0
0

det(a] — A) = det

=il
A - {1y
0
0

=)
=dn

A=y

0

—ill4
—dy

iy

A=y |

= (A —ap)(A —ap)(h —ap)(d — ay)

Thus, the characteristic equation is

(A=an)(A=an)(A=an)(A—ay) =0

and the eigenvalues are

A =a11, A =az, A = as3, A = ass which are precisely the diagonal entries of A



EXAMPLE

Eigenvalues of a Lower Triangular Matrix By inspection, the eigenvalues of the lower triangular
matrix

are A =

[
5
|

] |
5
=
:l,..l-
|
|



Practice

1) Find Eigen vectors of the given matrix A

—4 1 0
A=| O —3 |
0) O —2

the matrix has the characteristics equation-

A+4 -1 0
|AI—A4|=| 0 A+3 -1
0 0 A+2

=(A+4)(A+3)(1+2)=0

Find the corresponding eigen vectorsto ,A, = —4 ,A, = —3,A3 = =2

SOLUTION:

1
For A; = —2 the eigen vector is [2]
2

17 [2
For, A, =—4 ,)A, = —3the corresponding eigen vectors are [1] [0]
0l LO



2) Find the eigenvalues and corresponding eigenvectors of

. D I

[ ]
]
4 —
The characteristic polynomial is B
A —6At+ 1A —6
Its factors are
(A — 1A — 2)(A —3)

So the eigenvalues are 1, 2, and 3.

—1 =2 —1
Xi=| 1| xx= 1} x3= 1
2 4 4

=




3) Find the eigenvalues and corresponding eigenvectors of

2 00
A=l-1 1 0
5 3 3

|/’L]—A|: | A—1 0 |=(1-2)A-1)(A+3)=0
-5 -3 A+3

>A=2, 4 =1, 4=-3

Find the corresponding eigen vectors to each A=1,2,-3

4) Determine the characteristic root(Eigen values) and characteristic vectors(eigen vectors) of the

matrix
8 —6 2
A=|-6 7 —4]
2 -4 3

the Eigen values of A are For A=0,3,15

find corresponding eigen vector characteristic vectors



5) Determine the Eigen values and eigen vectors of the matrix

6 -2 2
A=|-2 3 -1
2 -1 3

the Eigen values of A are For A=2,2,8

find corresponding eigen vector characteristic vectors

6) Find the Eigen values and eigen vectors of the matrix

3 1 4
A=|[0 2 6
0 0 5

the Eigen values of A are For A=2,3,5
find corresponding eigen vector characteristic vectors

6 ) find the characteristic equation and eigenvalues



(a)

(c)

(a)

(c)

(b)

(d)

(b)

(d)




