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Eigen value Decomposition and singular value decomposition

By Noorullah ibrahimi



Learning Objectives of Eigen Decomposition

Define eigenvalue decomposition: 4 = v v~ 1!

Diagonalize a matrix using eigenvectors and eigenvalues
Use decomposition to compute powers of matrices: AX = v XK p~1
Apply to solve linear systems and differential equations
Recognize when a matrix is diagonalizable (enough independent eigenvectors)
Define SVD: A =U XVT
Identify | U, X and VT
Compute SVD for 2x2 and 3x3 matrices
Use SVD to find rank, null space, and range



Learning outcomes

Define eigenvalue decomposition: : A = v v !

Diagonalize a matrix using eigenvalues and eigenvectors
Compute powers: AKX = v XK p~1

Apply to solve linear systems and differential equations
Identify when a matrix is diagonalizable (enough eigenvectors)
DefineSVDasA = U XVT

Identify matrices U, £ andV7
Compute SVD for 2x2 and 3x3 matrices
Use SVD to find rank, null space, and range of a matrix



Inverse properties
1. If BA return I then B must be inverse of 471
BA=I=>B=A4"1
2. When we have the inverse of multiple matrices it has the properties
(ABC)"' =c1B71471
3. Inverse of an inverse is just itself
A hH't=4
4. The transpose of an inverse just the inverse of the transpose
(A—I)T — (AT)—l
5. The inverse of a number a time A is

1
(@A) 1 =—-A4"1
a

6. The inverse of a 2x2 matrix




Properties of Diagonal Matrices

* We previously learned about diagonal matrices. These are the matrices of all 0’s except
diagonal. For example

1 0 0 O 1 0 0 O
[1 0 and 0 3 0 0] and lO 1 0 O
0 3 0 0 7 0 0 01 O
0 0 0 1 0 0 0 1

* A special case of diagonal matrix is identity matrix where the diagonal elements are all ones

* For diagonal matrices it is easy to take power of the matrix. We can just take the power or of
each directly for example

2
o 3l =lo 3llo sl 1= o
This even extends to the inverse
-1 _ _
[(1) g =[101 3(21]=>[101 391][(1) gz[(l) (1)

These properties are only for diagonal matrices and will not work for any regular matrix

e The transpose of a diagonal matrix is just itself

o 9=0 3



Quick practice
Try to find alternative expression for the following
Note: U and V are orthonormal basis. Implying that
. T =y-1
« VIV =1
Note: X is a diagonal matrix

(A+B+OT, W™, WwevHT,\usvT|T, (U-tsyT)T)1

Quick practice solution

(A+B+C)T =AT +BT + CT
wrr =vtu
(wrxvHr =vxuT
luzvT|IT =vxuT

(w=tzvHn="t =wzuw=-"n—

= (WEWHH-l=yTyr-ty-t

— yTy-1yT



We previously learn to break down matrices via the eigen decomposition

A matrix A can be broken down into the multiplication of multiple matrices. This is called Matrix
Decomposition. A very important decomposition is called the eigen value decomposition it state
that

A=vzv1
Where V consist of column eigen vectors
V =[vy,v,,v3...]

And X consist of a diagonal matrix of eigen values

A, 0 O

0 A, 0
5= 2

0 0 A

Knowing the eigen values makes the life easier in so many ways

* We can calculate the inverse of a matrix easily

~1
2 1] we can get this easily

1 2
* We can calculate the power of a matrix easily

2 1 1000

[1 5 we can get this easily



* |t makes proving theoretical properties easier, we will see once we break down a matrix A
into

A=Vv3y1

Having V as orthonormal matrix make life easier

A=vzvT
Example: 2x2 Matrix
Let:
4 2
A= [1 3

Step 1: Find eigenvalues
det(A—AD=@-2DB-1D-2Q)A)=22-71+10=>1=5, 2
Step 2: Eigenvectors

ForA =5:

2

A—51=[_11 2

]=>x=2y=>v1=[ﬂ



For A = 2:

Step 3: Formvand X

Final Answer:

A=vZv1

Example: 2x2 Symmetric Matrix
[2 1
1 2

Step 1: Eigenvalues

dettA—-A)=A1-3)1-1)=>1=3,1



Step 2: Eigenvectors

For A = 3:

A—31=[_11 _11]=>x=y=>v1=[ﬂ
For A = 1:

I TS
Step 3: v and

UZH _11] 2=[g (ﬂ

U_l

For finding the v™! you very well

Final Answer:

A=vXv1



Example : 3x3 Diagonal Matrix

Already diagonal =

Final Answer:

Example

Given Matrix:

From earlier:

e Eigenvalues: A, =7,1,=2,1;=4

Corresponding Eigenvectors:

1 0 O
A=10 2 O
0 0 3
v=][ XY=A

6 2 0
A=(2 3 0
0 0 4




We found:

2
o ForA; =7:v; = 1]

-1
e Ford, =2:v, = 2]

0
o Ford; =4:v3 = 0]

Step 1: Construct V

2 =1 0
1 2 0
0 0 1

V =

Step 2: Construct X (Eigenvalues)




Step 3: Compute V1

We compute the inverse of:

2 -1 0
V=11 2 0
0 0 1

This matrix is block diagonal in the third row/column, so we can invert the top-left 2x2 block and
attach the 1 for the 3rd row/column.

Top-left 2x2 block:

i 7
1 2
Determinant: 2(2) — (-1)(1) =4+1=5
Inverse:
1[ 2 1
51-1 2

So full inverse:



_2 1 O_
5 5
v-il=| 1 2 0
5 5
L0 0 1.
Final Decomposition
A=Vxy1
Where:
_2 1 -
2 —1 0 7 0 0 t ¢ 0
V=1 2 0|, =0 2 o, V1=l 1 2
0 0 1 0 0 4 z g0
Lo 0 1.
Practice

Show that for any two matrices A ,B and C of the same size ,verify all Properties of transpose and
inverse matrices

1 3 _[2 3 and e[t 3]

Az[z 71" B=1lo s 5 20



SVD (Singular Value Decomposition)

Eigen value decomposition is not the same as SVD(singular value decomposition) — but SVD is one
type of matrix decomposition

SVD is one specific type of matrix decomposition.
It breaks any matrix A into three matrices:
A=UxVT
where:
* U: orthogonal matrix (left singular vectors)
* 2:diagonal matrix with singular values

* V:orthogonal matrix (right singular vectors)

Singular Value Decomposition (SVD) Overview

Given a real matrix A of size m X n, the SVD is:
A=UxVT
Where:



U is an m X m orthogonal matrix (columns are left singular vectors),

e ) isan m X n diagonal matrix (singular values on the diagonal),

I is an n X n orthogonal matrix (columns are right singular vectors),

VT is the transpose of V.

Step-by-Step Procedure
Step 1: Compute AT A (size n x n)

e This is a symmetric matrix.
e It helps find the right singular vectors (columns of V).

AT A = Eigenvalues of ATA = ¢/

Step 2: Find eigenvalues and eigenvectors of ATA

1. Solve det(ATA — AI) = 0 to find eigenvalues ;

2. Take square roots:

o; = +/A; (these are the singular values)



3. Eigenvectors of AT A form the columns of V

Step 3: Build the matrix 2

01 0 0
0 0> 0
z = 5
0 O Oy
0 O 0
: ’ “mxn
Step 4: Compute U using:
For each non-zero singular value o;:
u; = p V;

e Compute each left singular vector u; using the right singular vector v;

e Then complete U by choosing orthonormal vectors to fill the rest if needed



Step 5: Form the full decomposition
A=UxVT
Where:
e [ = matrix of left singular vectors
e ) =diagonal matrix of singular values

e V= matrix of right singular vectors

Example
12 1
Let A= [1 )
SO the SVD is
A=UzVT
Where:

e U: left singular vectors (orthogonal matrix)

e 3: diagonal matrix with singular values(v/A)

e V:right singular vectors (orthogonal matrix)



Compute ATA

Since A is symmetric, A = AT so:

aa=aa=[i oll of=[i il

Find eigenvalues of ATA

T _ _ 5 - }\ 4‘ _ _ 2 _
det (ATA— an= >, " F .| =(5-22-16 A=91
Singular values are:
01= 9 P 0_2=\/T
Find right singular vectors (from AT A)
ForA =09:
T =4 47111 _101..1¥1 _ 1

(A7A = 9)x ‘[ 4 _4] [y] N [o]z[y] N [1]

ForA =1:

@ara=onx 411G =lol=h] =4

Now normalize:



So,

Compute U = AV X1

Use:

1
Uy — —A'Ul,
01

Let’s compute:

For uy

1
A’Ule-—|:1] =

V2 |1

For u,

Avg— A S [1

'If,g:iA'Ug
02

-l - vl

503

a1

V=¥

V2

1] 1
1|l up = 7 -
17— 3
1:>'u,——
1 2 —



So

U= [ur Uuz]
11
U=|¥ V’%]
V2 V2

Final Answer (SVD of A):

A=UxVT
Where:

==l 1

U = V because A is symmetric.



Symmetric matrix

A symmetric matrix is a matrix where AT = A

1 2 31" 1 2 3
2 2 4] =12 2 4
3 4 0 3 4 0

This issue with eigen decomposition is that a symmetric matrix is necessary this imply that all of
these nice theories and properties can not be apply to

For example,

e Tall matrices, for example

1 3
2 0
1 0

* Fat matrix

3
121[0]
0

* Any non symmetric matrix

2 o#ls

“l3 0 o




RESULTS

A is symmetric U=Vor U=v-1
A is diagonal or orthogonal OftenU =V
A is general (non-symmetric) U+V U+v1

When A is a symmetric matrix then
A=vzvT =yzvT

Powers are easy to find
If we have the singular value decomposition Again,
A=VIvT
Then we can show how to get easily get the power of a matrix given that
AAA = A3 then AAA... = A000
Would be very difficult to calculate. Eigne values five us a theoretical way to easily calculate them
(VZVTY(vEVT) = AA
vryvT =



vyt =

From this, we see that multiplying a matrix by itself twice, or A%can be obtained by taking
X2, Again, since X is a diagonal matrix, it is easily to find the power.

o o =[5 2

0 2 0 22

Diagonal matrices are easy to find the power in general we have
A =yxnyT

Solving a linear system

From this observation it is very easy to solve linear system if we process the singular value
decomposition for example

Ax =y
ViVTix =y
WV 1(VEvT)x = (VEVT) 1y
x =V 1vTy

How does AT A4 help



The idea of singular value decomposition or SVD is that while matrix A may not be a square matrix
but ATA and AAT are both square matrices

1 3 1 3
a=lz o awr=lz o[} 2 =[5 3
1 0 10
1 31 110 2 1
ATA=[§ (2) (1)]2 o]=[2 4 2]
1 0o L1 21

We can now perform SVD on both ATA and AAT

The obvious question is, how does knowing the eigen decomposition of ATA and AAT help with
A itself

What does the eigen values and eigen vectors of AT A tell us about A ?

We start with
AS AT A is always a symmetric matrix

We can write
ATA=vxyT



Since X is diagonal matrix, we can split it
1 0 [1 0]
0 210 2

In between 2 X's now we can put an identity matrix and I=UTU

ATA = VEi55VT notice [(1) 2] = [

1 1 1 1

AT A=V32152vT =vxzuTuxrzyT
Lastly, remember if we have 2 orthonormal matrices, they multiply to be an identity matrix. For
example, we come up with another orthonormal matrix called U, then UUT = I we will have

1 1 1 1
ATA =v2z0Tux2vT =v3xz132yT
This is now a very telling equation because we know A can be decomposed into
1 1
ATA =vxzuTusrzyT

1
A=Ux2yT



Example

Let’s use the matrix:

1 0 1
A=|[0 2 O
1 0 1
This matrix is symmetric and has full rank. We will compute:
A=UxVT
Step 1: Compute AT A
1 0 1 1 0 111 0 1
AT =10 2 0|=>A4ATA=4TA=|0 2 0]|0 2 O
1 0 1 1 0 1ll1 0 1

Now multiply:

I1X14+40%x0+1x1 1xXx04+0Xx24+1%x0 1Xx1+0x0+1x1 2 0 2
OX14+2X04+0x1 O0X042%x240x0 0O0X14+2%x04+0x11=|0 4 O
1X1+0%xXx04+1x%x1 1X04+0%x2+1%Xx0 1x14+0x0+1x1 2 0 2

ATA =




Find eigenvalues of ATA

We solve the characteristic equation:
det(ATA—AI) =0
Let’s write:

2—1 0 2
ATA—=2I=| 0 4 — 2 0
2 0 2—-21

Use cofactor expansion along the second row (because of zeros):

det=(—2)-det[* 7" 2 ]

Now compute the 2x2 determinant:
2-D2-V-2)2)=2-D*—-4
So the full determinant becomes:
4-D[2-1N*-4]=0
Let’s solve:
2-1)?-4=0>Q2-D?*=4>2-1=42=>1=0,4
So eigenvalues are:

L /11=0



Step 3: Singular Values

ai=\/7i=>01=\/z=2, o,=2, 03=0

So:
2 0 O
2=10 2 O
O 0 O

Step 4: Find eigenvectors of AT A = Columns of V
We already know:

e Eigenvalue 4 (multiplicity 2)

e Eigenvalue O (multiplicity 1)
Let’s find eigenvectors for A = 4:

Solve:



-2 0 2
ATA—-4Dx=0=>|0 0 O0[|x=0
2 0 =2
This reduces to:
—2x1+2x3=0=x; = x3, x,free

So eigenvectors are:

. 1]
® 1_7)1 =—10
ﬁ_l
0
° 132 =11
0.
Eigenvector for A = 0 (null space):
Solve:
2 0 2
[O 4 O]x=0
2 0 2
This gives:



So final V is:

_1 O 1 =
V2 V2
V=10 1 0
1 0 1
V2 V2.
Step 5: Compute U
Use:
ul—ai V;
First vector:
_2_
1 1+1 2 2 1 1
AA10 10+0 10 0|=+v2]0 10
1]1= O = — = — = = :ulz—
‘/El \/E1+1 \/52 i 1 \/El
Nel

Second vector:



0 0 0
AV2=A' 11 =12 =>u2= 1
0 0 0
Now we find third 153 orthogonal to both 1, and u,:
Let’s pick:
1 —01
Uz = —
3 \/E 1
So:

=

Il
S

—
sl-oalL

Final Answer:

A=UXVT
Where:
1, 22 1, L
V2 V2 2 0 0 VZ NG
e U=]|0 1 O 2=10 2 0 VT =0 1 0
1 0 1 0O 0 O 1 0 _1
V2 V2 V2 V2



SVD Example : 2x2 Matrix

Let:

3 0
4 0

Step 1: Compute ATA
ara=[y olly =[5 ol

Step 2: Eigenvalues of ATA

Eigenvalues: 1, =25, 1, =0=> 0, =Vv25=5,0,=0

Step 3: Right singular vectors (columns of V)
From AT A, eigenvectors:

e ForA=25:v, = [(1)]



e ForA=0:v, = [(1)]

So:

0 1

Step 4: Compute

oy = A = [ navi =52 =5[]

Complete U to orthonormal set:
As uyand u, are orthonormal
Sofinda uf;.u, =0
—4/5
Y2 = [ 3/5

[3/5 —4/5
U‘l4/5 3/5



Final SVD: our sigma2 is zero why like this

a-ver =B SEIG 3

Example : 2x2 Matrix
1 -1

Step 1: Compute ATA

aTa=[2 Jot=2,=20=\2

Step 2: V from eigenvectors of AT A

1 1 1
"1 =ﬁ[é]' V2 =ﬁ[(1)] :Vzﬁﬁ 2l



Step 3: U from Av;/o;
Av,

Av,

Final SVD:

r=[?

Example : 3x3 Diagonal Matrix

Let:

Already diagonal =

[ff-131-w-1

=izl ==

1
A= v=gh 2




3 0 O
e J=1|0 2 O
0 0 1
e U=V =1
Final SVD:

A=UsVT=1-5-17

Example : 3x3 Identity Matrix

SVD is trivial:
e X =1,U=1V=1I

Final SVD:
A=UxVT=1-1-1T



Example

Find Singular Value Decomposition (SVD) of the matrix:

3 2 2
4= [2 3 —2]
This is a 2 X 3 non-square matrix, so the SVD will be:
A=UxVT

Where:
e U € R?*? (orthogonal matrix of left singular vectors),
e ¥ € R?*3 (diagonal matrix of singular values),
e V € R3*3 (orthogonal matrix of right singular vectors).
Step 1: Compute AAT and ATA

These help us find U and V, respectively.

Compute AAT:

AAT=[3 2 z]g é =[ 3x3+2X2+2%x2  3X2+2X3+2x(=2)
2 3 =25 | T2x3+3x2+(-2)x2 2x2+43x3+(-2) x (-2)
9+44+4 6+6—4]=[17 8]

6+6—-—4 44+9+4 8 17

AAT=[



Step 2: Find eigenvalues of AAT

o 17-2 8
Letdet(4AT AN =0 = det (|7 F

= (17 - 1% = 64

])=0(17—/1)2—82=0

= 17—-1=418
=>1=174+8=25,9
So the eigenvalues of AA” are:
e 1, =25=>0,=25=5
e 1,=9=>0,=1/9=3

Step 3: Find U

17 8]

Solve for eigenvectors of AAT = [ 8 17

For A = 25:



([187 187]_251)2[_88 _88]=>SO'V91—8x+8y=0=>x=y=>ﬁ1=—

ForA = 9:

([187 187]_91)2[8 8]=>8x+8y=0=>x=—y:>ﬁ2=

1
8 8 ;ELL]

So:

Sl &l
§|H§|IH

Step 4: Compute VV

Now find eigenvectors of AT A to get V

First compute A7 A:

9+4 6+6 6-—4
6+6 4+9 4—6
6—4 4—6 4+4

T —
AA_2_223—2

13 12 2
=112 13 -2

2 -2 8

2 51[3 2 2]=




Now find eigenvalues and eigenvectors of this 3 X 3 matrix. We already know the singular values
are:

e 0, = 5,0, = 3,50 the eigenvalues of AT A must be 25, 9, 0

We now find corresponding eigenvectors for these.

Let's just compute one right singular vector v; for 6; = 5 using:

v gl 2w =g mw = am G =5 []) = 5

LA

Similarly, find v, for 0, = 3 using u, = \/—‘% [_11]:

3-2 1 1
ATu =i 2—3 =i—1 =3 =L—1
T V2lao o] V2lal T VBl

And v; is orthogonal to v4, v, (can compute via Gram-Schmidt or cross-product method).

3+
2+3
2+ (—2)

So,



Final SVD form:

Where:
-
0U=\/1§ 21
V2 V2
15 0 0
*2=lp 3 0

NGt
1 1
V2 /18

4
O -
- 18
A=UsyT

e V contains right singular vectors (as above)




