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Learning Objectives  

• Diagonal of a Matrix: Identifies special elements (main diagonal) 
important in identity and triangular matrices. 

• Trace of a Matrix: Sum of diagonal elements, used as an invariant in 
linear algebra and optimization. 

• Inner Product of Matrices: Measures similarity between matrices, 
defines norms and orthogonality in data analysis. 

Learning outcomes 

• Diagonal of a Matrix: Be able to identify and use main diagonal 
elements   in forming identity, triangular, and diagonal matrices. 

• Trace of a Matrix: Be able to compute the trace. 
• Inner Product of Matrices: Be able to calculate inner products. 

 

 

 



The diagonal of a Matrix 

Defination (Matrix Diagonal):  given a square Matrix 𝑿 the diagonal of a 

matrix is a vector form from the diagonal elements of a matrix  

Example. Given a matrix 𝑿 , 𝒁 defined as  

𝑋 = [
1 3 0
2 4 0
7 3 9

] ,     𝐷ⅈ𝑎𝑔 = (𝑋) = [
1
4
9
]   𝑍 = [

4   3
2   1

] ,   𝐷ⅈ𝑎𝑔(𝑍) = [
4
1
] 

 

Diagonal of a non-square matrix 

The diagonal of a non-square matrix is the set of elements 

 

where 

                               k=min(m,n)     for an m×n 



 

 

Example 

Take this 2 × 3 matrix (not square): 

Diag(A)=[
𝟏
𝟔
] 

 

 

 

 



 

 

 

 

The Trace of a Matrix 

Definition (Matrix Trace): given a square matrix𝑋, 𝑍the Trace of a matrix 
is the sum of all elements in the diagonal of a matrix. 

Example. Given a matrix 𝑋, Zdefined as  

𝑋 = [
1 3 0
2 4 0
7 3 9

]           Tr(X) = 1 + 4 + 9  

                                                          

𝑍 = [
4   3
2   1

]              Tr(Z)= 1+4 = 5 



 

Matrix inner product 

The matrix inner product is different from the vector inner product with two 
matrices 𝑋 and 𝑌 their inner product is defined as  

⟨𝑋, 𝑌⟩ = Tr(𝑋𝑌𝑇)                                                          (1) 

For example, given  

             

            𝑋 = [
1 0
2 1

] ,    𝑌 = [
1 1
2 0

]                                                (2) 

Then   

⟨𝑋, 𝑌⟩ = 𝑇𝑟 ([
1 0
2 1

] [
1     1
2    0

]
𝑇

) = 𝑇𝑟 ([
1 0
2 1

] [
1   2
1   0

])                 (3) 

                           =  𝑇𝑟 ([
1 2
3 4

]) = 1 + 4 = 5                                          (4) 

Take a minute  and see if  you can  find  ⟨Y, X⟩ 



⟨𝑋, 𝑌⟩ = Tr(𝑋𝑌𝑇)                                                                                     (1) 

For example, given             

                                 𝑋 = [
1 0
2 1

] ,    𝑌 = [
1 1
2 0

]                                                (2) 

Then   

     ⟨𝑌, 𝑋⟩ = 𝑇𝑟 ([1 1

2      0
] [1 0

2      1
]

𝑇

) = 𝑇𝑟 ([1 1

2     0
] [
1      2
0      1

])                 (3) 

 

 

 

=  𝑇𝑟 ([1 3

2      4
]) = 1 + 4 = 5                                                   (4) 



 We previously knew that 𝑋𝑌𝑇 = [
1 2
3 4

], we now need to     know 𝑌𝑋𝑇 , 

we can find it easily where since 

𝑌𝑋𝑇 = (𝑋𝑌𝑇)𝑇 = [
1 2
3 4

]
𝑇

= [
1 3
2 4

] 

Matrix/Vector Multiplication Practice 

Given  

𝒙 = [
1
2
] , 𝑋 = [

1 0
0 1

] , 𝑦 = [
3
1
3
] , 𝑌 = [

1 3 0
2 3 1

] , 𝑧 = [1  3  0], 𝑍 = [
1 0 0
0 2 1
1 1 1

] 

1. 𝑌𝑇𝑥                  3.   2𝑍y                          5.   𝑥 ⊗ 𝑦                              7. Tr(𝑍) 

2. Z⊙ Z                     4. ⟨𝑋, 𝑋⟩                               6.𝐷ⅈ𝑎𝑔(𝑋)          7. Tr(𝑍)   

In addition, given  

                                                                        𝒖 = [

𝜶
𝜷
𝜸
] , 𝒗 = [

𝒙
𝒚]  



Solve for  

   

   𝟏 ⋅ 𝒗⊗ 𝒗               𝟐.  𝐓𝐫(𝒗⊗ 𝒗)                       𝟑. 𝒁𝑻𝒖                                  𝟒. 𝒁𝒖  

 

 

 

 

 

 

 

Solution to exercise 



 



 

 

 

 



Notice Large equations can be compressed into matrix format 

 

 

 



Compressing Large Equations with multiple inputs/outputs 

 

 



 



 



 

 



 



 

 



 

 



 

 



 



 



 

 

 

 

 


