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Learning Objectives 

• Row Echelon Form (REF): Simplifies matrices to triangular form for easier 
solving of systems. 

• Reduced Row Echelon Form (RREF): Provides the most simplified, unique 
form to directly read solutions. 

• Linear System Not Possible: Identifies inconsistent systems (no solution). 
• Linear System with Infinite Solutions: Shows dependent systems where 

many solutions exist. 

 Learning outcomes 

• REF: Learn to transform a matrix into triangular form and simplify solving. 
• RREF: Gain skill to get the unique simplified form and directly read 

solutions. 
• No Solution System: Recognize inconsistent systems in matrix form. 
• Infinite Solution System: Identify dependent systems and describe solution 

sets. 

  



Solving a system of linear equations. 

 

−𝟑𝒆𝟏 + 𝒆𝟐 → 𝒆𝟐 

−𝟐𝒆𝟏 + 𝒆𝟒 → 𝒆𝟒 



[
 
 
 
 𝟐 𝟒 𝟐 𝟏  𝟖

𝟑 𝟏 𝟏 𝟎  𝟒

𝟎 𝟐 𝟐 𝟎  𝟐

𝟏 𝟎 𝟎 𝟏  𝟑]
 
 
 
 

 
      𝒆𝟏↔𝒆𝟒        
→         

[
 
 
 
 𝟏 𝟎 𝟎 𝟏   𝟑

𝟑 𝟏 𝟏 𝟎   𝟒

𝟎 𝟐 𝟐 𝟎   𝟐

𝟐 𝟒 𝟐 𝟏   𝟖]
 
 
 
 

 

[
 
 
 
 𝟏 𝟎 𝟎 𝟏   𝟑

𝟑 𝟏 𝟏 𝟎   𝟒

𝟎 𝟐 𝟐 𝟎   𝟐

𝟐 𝟒 𝟐 𝟏   𝟖]
 
 
 
 

 
    −𝟐𝒆𝟏+𝒆𝟒→𝒆𝟒      
→             

[
 
 
 
 𝟏 𝟎 𝟎    𝟏    𝟑
𝟎 𝟏 𝟏 −𝟑 −𝟓

𝟎 𝟐 𝟐    𝟎    𝟐

𝟎 𝟒 𝟐 −𝟏    𝟐]
 
 
 
 

 

Once we have zero out the entire column one we now  have a smaller  

problem shown in red. 

We repeat the process with a smaller matrix. 

Given the smaller matrix we try to get a 1 at the top left of the red portion. Luckily 
it is already a 1.  

1. We now proceeds to 0 out the rest of the column. To do so we perform two more 
operations                                 and −𝟒𝒆𝟐 + 𝒆𝟒 → 𝒆𝟒 



2. Remember we are trying to make all the lower triangle values to be 0. since e3 is 
already in good shape we swap that with the e4 in the second step 

 

1. Since we want the diagonal elements to be all 1s we divide e3 by -2 and e4 by 6 



 

The Row Echelon Form (REF). 

We have achieved the REF when 

1. The bottom triangle are all 0s 
2. The diagonal are all 1s 
3. Notice that the upper triangle does not have to have all 0s 

[
 
 
 
 𝟏 𝟎 𝟎   𝟏      𝟑

𝟎 𝟏 𝟏  − 𝟑  − 𝟓
𝟎 𝟎 𝟏 −𝟓. 𝟓 −𝟏𝟏

𝟎 𝟎 𝟎   𝟏      𝟐 ]
 
 
 
 

  

This is the minimum manipulation that allows us to easily obtain the solutions. 



If we write the equations back out, we get. 

  

𝟏𝒙𝟏 +  𝟎𝒙𝟐     +  𝟎𝒙𝟑 +  𝟏𝒙𝟒 = 𝟑

 𝟎𝒙𝟏 +   𝟏𝒙𝟐 +    𝟏𝒙𝟑 − 𝟑𝒙𝟒 = −𝟓 

𝟎𝒙𝟏 +  𝟎𝒙𝟐 + 𝟏𝒙𝟑 − 𝟓. 𝟓𝒙𝟒 = 𝟏𝟏

𝟎𝒙𝟏 +      𝟎𝒙𝟐 + 𝟎𝒙𝟑 + 𝟏𝒙𝟒 = 𝟐

  

1. Notice that x4 is already known by e4 
2. If we know x4 it is very easy to get x3 by e3 
3. Similarly, if we know x4, x3, we can easily get x2 from e2 
4. Finaly since we know x2, x3, x4 we can easily get x1 from e1 

The Reduced Row Echelon Form (RREF) 

Once we get the REF then it is very easy to obtain the final version, we want the   
Reduced Row Echelon Form (RREF) 

Looking at the previous matrix by using e4 we can easily 0 out the column 4 

• 𝒆𝟏 − 𝒆𝟒 → 𝒆𝟏               . 𝟓. 𝟓𝒆𝟒 + 𝒆𝟑 → 𝒆𝟑 

• 𝒆𝟐 + 𝟑𝒆𝟒 → 𝒆𝟐 



 

 

Practice 1  



1) Reduce the matrix to R.R.E.F 

                                                      
 

2) Reduce the matrix to R.R.E.F         

                                                           

3) Reduce the matrix to R.R.E.F         
                                                                  

                                                                



Update of Notation 

 

 

 



 

We learned Gaussian Elimination in the last Lecture 

 

 

 

 



 

A linear system that is not possible(no solution ) 

 

 

 



Example of More Equation than Variables 

 

 

 



Notice the key difference between the 2 cases 

look at the 2 cases this is what we just saw, it has a solution  

 

 

 



In this example, we have infinite solutions 

 

 

 



Third case infinite solutions 

 



Example  

 



 

Example 

 



 



 



Example

 

 



 

 

 



 

Practice 2 

1) Solve the following system of equations. State whether it has one solution, 
no solution, or infinitely many solutions. 

 
2) Solve the following system of equations. State whether it has one solution, 

no solution, or infinitely many solutions 
 

 
 
 



 
 
3) Solve the following system of equations. State whether it has one solution, no 

solution, or infinitely many solutions 

                                

 


